We summarize evidence that neither dynamo theory nor the observational data give strong support to the idea that stellar magnetic fields must have dipolar rather than quadrupolar symmetry with respect to the stellar equator. We demonstrate that even the most basic model for magnetic stellar activity, i.e. the Parker migratory dynamo, provides many possibilities for the excitation of large-scale stellar magnetic fields of non-dipolar symmetry. We demonstrate the spontaneous transition of the dynamoexcited magnetic field from one symmetry type to another. We explore observational tests to distinguish between the two types of magnetic field symmetry, and thus detect the presence of quadrupolar magnetic symmetry in stars. Complete absence of quadrupolar symmetry would present a distinct challenge for contemporary stellar dynamo theory. We revisit some observations which, depending on further clarification, may already be revealing some properties of the quadrupolar component of the magnetic fields generated by stellar dynamos.
INTRODUCTION
Solar magnetic activity in the form of the 11-year activity cycle has only been observationally confirmed for relatively few late-type stars (e.g. Baliunas et al. 1995) . Whether these stellar variations involve magnetic parity reversals is still unknown. It is thus still unclear to what extent the solar cycle can be considered as a typical model for stellar activity, or whether the general phenomenology of stellar magnetic activity may differ from the solar. Clarification of this problem is difficult because of purely observational problems (e.g., the resolution of the solar observations is much higher than that of the stellar), and the approaches used are partially determined by the traditions of solar astronomy. Thus it is instructive to focus attention on what basically new phenomena might be detectable in stellar activity observations. The aim of this paper is to focus attention on one such possibility: can we expect to isolate in the observations of stellar activity an example of a magnetic configuration with quadrupolar symmetry (or a significant quadrupolar com-⋆ email: moss@ma.man.ac.uk † email: saar@cfa.harvard.edu ‡ email: sokoloff@dds.srcc.msu.su ponent)? We start by noting that stars are symmetric with respect to the equatorial plane in the first approximation. This symmetry is compatible with two magnetic field symmetries, i.e. dipolar (magnetic field is antisymmetric with respect to the equatorial plane) and quadrupolar (field is symmetric with respect to the equator).
As it is seen in particular from the Hale polarity law, solar magnetic activity exhibits dipolar symmetry to a first approximation. We stress here that the concept of dipolar symmetry applies to the toroidal magnetic field traced by the sunspot distribution, as well to the poloidal magnetic field. We note that establishing a connection between the Hale polarity law, the symmetry properties of the sunspot distribution and the properties of the global-scale poloidal magnetic field is a speculation based on the dynamo equations and other modelling, rather than a conclusion directly based on observations.
In practice magnetohydrodynamic dynamos are considered as excitation mechanisms for stellar activity. At first sight, the dipolar magnetic configuration seems theoretically preferred: since the first decay mode of the magnetic field in a conducting sphere has dipolar symmetry, it might be expected that the mode with structure similar to that with the lowest decay rate would be the first excited mode when c 0000 RAS some excitation mechanism is applied. Numerous theoretical papers have demonstrated the ability of MHD dynamos to excite a dipolar magnetic configuration in the form of a traveling activity wave.
The idea that magnetic fields in late-type stars have a basically dipolar structure is traditionally considered as the model for stellar activity, and the possibility of magnetic configurations of quadrupolar symmetry (or some other symmetry/structure) has rarely been considered as a possible interpretation of stellar activity. Here we draw attention to the fact that expectations from dynamo theory can be quite different, and there is no reason a priori to exclude magnetic configurations of, for example, quadrupolar symmetry from possibilities for the interpretation of stellar activity.
Magnetic configurations with quadrupolar symmetry are of some importance even for the solar activity. Archive observations of solar activity from just before the Maunder minimum, and also at its end, give a hint that at that time a magnetic configuration strongly asymmetric with respect to the solar equator was excited (Sokoloff & Nesme-Ribes 1994; Sokoloff 2004) . From the theoretical viewpoint, such magnetic configurations are known as mixed-parity dynamo solutions (e.g. Brandenburg et al. 1989 , and many subsequent papers).
There has been a long interplay between simple mean field dynamo solutions and observations of magnetic fields of late type stars. The simplest applicable dynamo model is probably that of Parker (1955) , and the dipolar symmetry solutions of this model have been influential in the literature, especially as the large-scale solar field appears to have approximate odd symmetry with respect to the equatorial plane (at present, at least) -i.e. it can be described as "dipole-like".
In summary, it is well recognized that late-type stars have surface fields of complex geometry, but there has often been (implicity at least) an assumption that the large scale poloidal component is dipole-like. In this paper we examine these assumptions and conclusions from both theoretical and observational perspectives.
PARITY SELECTION IN DYNAMO MODELS

The Parker dynamo
We first re-examine the Parker dynamo, written in standard non-dimensional form as
These equations describe axisymmetric magnetic fields. D is the dynamo number, and the terms involving µ 2 represent radial diffusion in a spherical shell of thickness approximately µ −1 of the outer radius of the shell -e.g. µ ≈ 3 is appropriate for the solar convection zone. B represents toroidal magnetic field and A is the toroidal component of the vector potential for the poloidal field. We implement a simple alpha-quenching nonlinearity, writing
where α0 is a constant, set to unity by the nondimensionalization. Note that the antisymmetric (i.e. dipolar) poloidal magnetic field is associated with symmetric A, and symmetric poloidal field with antisymmetric A. To summarize the symmetry properties of our solutions we define a parity parameter P , which takes values −1, +1 for dipole-like/quadrupole-like solutions. Intermediate values correspond to "mixed-mode" solutions (e.g. Brandenburg et al. 1989 ). Eqs. (1), (2) were solved numerically, using double precision arithmetic over the range (0, π), with two independent finite difference codes, using respectively a Runge-Kutta integrator and a semi-implicit Dufort-Frankel scheme. Taking µ = 0, 10 2 ≤ −D ≤ 3 × 10 2 , then if we take a dipole-like seed field (i.e. A even w.r.t. the equator θ = π/2, B odd), a singly periodic solution with P = −1 is obtained. However after dimensionless time O(80), corresponding to O(50) complete cycles, the parity departs rapidly from P = −1, and the system attains a stable P = +1 configuration. This state is steady, with much higher energy than the dipole-like solution. That is, numerical noise is sufficient to perturb the P = −1 state and to demonstrate its instability. Fig. 1 shows the transition. (Of course, the instability of the dipole-like solution can be established much more efficiently by perturbing the P = −1 solution by a small but finite amount, and in general this is how we tested the stability of solutions.) In fact, the quadrupolar (P = +1) solution is excited for |D| fractionally less than 10 2 , the dipolar (P = −1) solution for |D| slightly in excess of this value, so the result for D = −10 2 is not surprising, but for the slightly larger values of |D| the result is non trivial.
When 4 × 10 2 ≤ −D < 10 3 , µ = 0, the stable solution is oscillatory and of odd parity. All these results were reproduced with both codes, with agreement to several significant figures. 2nd and 4th order Runge-Kutta schemes did not discernably differ.
However for 10 3 < −D ≤ 10 5 , µ = 0 we found differences between results with the two codes. Specifically, the Runge-Kutta code (both 2nd and 4th order versions) found both oscillating dipole and steady quadrupole-like solutions to be stable for 10 3 < −D ≤ 10 4 , and oscillatory mixed parity and steady quadrupole-like solutions were stable for 3 × 10 4 ≤ −D ≤ 10 5 , µ = 0. With the Dufort-Frankel code, only the steady quadrupole-like solutions were stable for these parameters. The results for 3 × 10 4 ≤ D ≤ 10 5 , µ = 1 were as for µ = 0.
We were unable to resolve these differences between the outcomes of the codes. However, for all other choices of µ and D the codes agreed to several significant figures. According to the values of D and µ either or both of the dipole-like and quadrupole-like solutions could be stable, and oscillatory mixed parity solutions were also found. Our results are summarized in Table 1 .
These properties of the Parker dynamo appears not to have been previously noticed, or at least not commented upon. Plausibly this is either because attention has been focussed on solutions of Eqs. (1), (2) over the half range (0, π/2) so that the parity of solutions is preselected by the boundary coditions imposed at the equator θ = π/2, or that full range solutions were not followed for long enough times. Figure 1 . Time series of parity P ) and total energy E for the case D = −3 × 10 2 , µ = 0, showing the transition from a oscillatory dipole-like solution to the stable steady quadrupole-like configuration.
Other dynamo models
Of course, the phenomenon discussed above in the context of the Parker dynamo model is not limited to the Parker dynamo, and strangely has attracted more notice elsewhere. For example, zero or one dimensional models can have a rich dynamical behaviour (e.g. Weiss et al., 1984; Jennings & Weiss 1991; Tobias et al. 1995) , and Brandenburg et al. (1989) appear to have been the first to demonstrate that alpha-quenched mean field dynamos in spheres can move through regions with stable dipole-like and quadrupole-like or even mixed parity solutions as the dynamo parameters are changed.
An argument that is sometimes used to "explain" a preference for dipole-like solutions, at least near marginal stability, is that they have simpler spatial structure, and so suffer less dissipation. However, any simplicity is in the latitudinal direction, and even in quite thick spherical shells the imposed radial length scale is shorter than the latitudinal scales, and so the argument becomes inapplicable. Figs. 4 and 5 of Moss et al. (1990) show how in thin shells the structure of odd and even parity solutions can be almost identical (apart from a change in sign of the field), and so arguments based on length scales clearly cannot be applied. For these models of Moss et al. (1990) , the marginal dynamo numbers for odd and even symmetry solutions are essentially identical.
Turning to mean field dynamos that attempt to model the solar dynamo more realistically, experience shows that the preferred symmetry of solutions near marginal excitation can be sensitive to quite small changes in the model (e.g. 
THE OBSERVATIONAL POSITION
The general impression gained from studying the literature is that dipole-like fields dominate in cool stars. But this is more of an expectation or assumption, rather than an observation. Indeed, the only significant direct observational evidence for dipole symmetry in cool stars is in active, late M dwarfs (Donati et al. 2006) , which, being close to fully convective, are physically quite different from the standard "solar-like" FGK star with (presumably) a tachocline. We suspect that the prevalent dipole assumption is partly driven by the observed predominant dipole-like large-scale field of the Sun. There is a lingering suspicion that dipolar fields, being simpler to think about, are used as the default model. While this is not totally unreasonable, and one can argue for the use of Occam's razor in such ill-explored problems, we do feel it may not be wholly justified by the available evidence.
Even for the Sun, the position regarding symmetry is not completely clearcut. For example, there is evidence that a quadrupole-like field was important during the Maunder Minimum (consistent with the almost total absence of spots in one hemisphere, e.g. Ribes & Nesme-Ribes 1993) , and there is contemporary evidence, e.g. a displaced magnetic equator (Pulkkinen et al. 1999) , that there is still a significant quadrupolar component. The importance of the quadrupolar component in cycle properties (Mikhialutsa 1994 (Mikhialutsa , 1995 Mursula & Hiltula 2004; Mordvinov 2007 ) and solar wind geometry (Hayashi 2005) have also been explored.
It is difficult to determine symmetry properties from stellar observations, as most magnetic field determinations are not particularly well-suited to determination of global field properties. A fundamental problem is that on a global scale, opposite polarities cancel out much of a locally strong signal (e.g., on the Sun, the global poloidal field B is a few Gauss, while locally B ∼ 1 kG). Measurements of Zeeman broadening (i.e., in unpolarized light) are insensitive to the sign of the field. Most promising are magnetic Doppler imaging techniques (e.g. Donati & Brown 1997; Kochukov et al. 2004 ) that can provide direct information about the sign of the surface stellar magnetic field at various latitudes. However, these types of magnetic measurements, detect fields at a small-to-moderate size scale, and do not directly address the global scale or symmetry. (Lower resolution observations, or spatially/velocity integrated data may be more directly applicable; see e.g. Petit et al. 2005 .) Various systematic problems make the results less than completely trustworthy however (Unruh 1996; Rice & Strassmeier 2000; Kochukov & Piskunov 2002; Hussain et al. 2004; Piskunov 2005) . For example, nearly all measurements of stellar fields are heavily weighted towards bright magnetic regions (plage/network) and largely miss fields in starspots due to contrast effects (e.g. Saar 1988) , although measurements in molecular bands may begin to overcome this shortcoming (Berdyugina et al. 2007 ). Until field information from spots is recovered, it is unclear that large scale fields can be effectively reconstructed from current magnetic images.
Setting these difficulties aside for the moment, potentially one could extrapolate from the imaged small/moderate scale fields to estimate the global properties. Magnetic Doppler images could, for example, be decomposed into spherical harmonic components to investigate the contribution of various multipolar orders. Even then, there are other difficulties. For example, the asymmetry between northern and southern hemispheres can give some idea of the relation between the strengths of the dipolar and quadrupolar components of the field. Unfortunately, this asymmetry is difficult to determine observationally, because if the stellar inclination i is 90
• , the situation is degenerate (the hemisphere in which the object is located cannot be determined) and for i far enough from 90
• to be helpful in breaking the symmetry, information from one hemisphere begins to be lost.
Radio observations give some fragmentary information concerning magnetic geometry, but often just in flaring regions. Regular polarity variation has been seen (Massi et al. 1998; Richards et al. 2003) but timescales are more like those associated with active longitudes (Bai 2003; Berdyugina & Usoskin 2003) ; changes clearly due to dynamo cycles have not yet been clearly identified (White 1996) .
Information on stellar cycle properties may offer another window on magnetic symmetry. For the more active stars, where it is reasonable to anticipate that stellar dynamos work in a very supercritical regime, the arguments for expecting dipole-like fields become significantly weaker. Dynamos operating in significantly supercritical regimes can give rise to complex phenomena, such as multiply periodic solutions and beating between modes with different symmetry properties, for example. Some such behaviour is evident even in the simple model studied in Sect. 2. Beating between dipolar and quadrupolar components might explain the apparent multiple periods observed in some stars. For the Sun, such beating might explain phenomena such as the Gleissberg cycle.
A cyclic quadrupolar component could show up as an amplitude and/or period modulation superimposed on a main dipole cycle period, or as the primary period itself if the quadrupolar symmetry dominates. Using cycle information, there is some limited evidence that fields with quadrupolar symmetry may have already been observed in some stars. A subclass of moderate-activity cool dwarfs exhibit multiple cycle periods in long-term Ca II HK measurements (Baliunas et al 1995) . Similar secondary periods Pcyc(2) are seen in long-term photometric data of active single dwarfs as well (e.g. Messina & Guinan 2002; Oláh & Strassmeier 2002) . These Pcyc(2) may represent the cycle period of the quadrupolar dynamo component Pcyc(Q) (if the dipole is dominant), a beat frequency between Pcyc(Q) and Pcyc(D), the dipole period (if the quadrupole is dominant), or merely a long-term modulation of the amplitude of Pcyc(D) due to non-linear effects. In what follows, we assume Pcyc(2) = Pcyc(Q), though we stress that there are several other valid possibilities.
Stars with Pcyc(2) are generally younger than stars without clear secondary cycles. If gyrochronological ages are computed (Barnes 2003) , stars with multiple cycles in the Mount Wilson data have ages t2−cyc = 1.8 ± 0.9 Gyr (2.2 ± 1.3 Gyr including the Sun+Gleissberg "cycle"), compared with t1−cyc = 3.3 ± 2.2 Gyr for the other stars. Addition of single dwarfs with photometric cycles brings in younger stars, yielding t2−cyc = 1.3±1.1 Gyr (1.6±1.4 Gyr including the Sun). The higher mass Pcyc(2) stars are older than the lower mass ones: t2−cyc(≥ M⊙) = 2.0 ± 1.0 Gyr (2.5 ± 1.5 Gyr including the Sun) while t2−cyc(< M⊙) = 0.7 ± 0.7 Gyr. The ratio of the cycle periods is largely constant, though with significant scatter: for HK plus photometric cycles combined, Pcyc(2)/Pcyc(1) = 3.6 ± 1.7 (4.1 ± 2.2 including the Sun). There is no clear trend of Pcyc(2)/Pcyc (1) on Ω, Ro −1 (inverse Rossby number) or colour other than (perhaps) a decrease in the maximum Pcyc(2)/Pcyc(1) seen as these variables increase (though data are too sparse to be definitive).
We can also explore the amplitudes of the multiple cycles. The Pcyc(2) typically have lower amplitude, and the better determined ones tend to be G (57%) or K (29%) type. Using data from Saar & Brandenburg (2002) , the fractional cycle amplitude Acyc(1) = ∆F Saar & Brandenburg (2002) found no particular trend in Acyc vs. Ro −1 , because they considered Acyc(1) and Acyc(2) combined together rather than separately.) This might suggest that as the rotation rate increases, more energy is transfered from the primary (dipolar?) to the secondary (quadrupolar?) fields. Some possible support for this idea -that rapid rotation results in more energy being present in higher order multipoles -comes from a recent study that combines magnetic Doppler imaging and analysis of coronal emissions of the rapidly rotating (Prot = 0.514 d) K dwarf AB Dor (Hussain et al. 2007) . While the results are model dependent, this study found that rotational modulation of the star's coronal flux could be better modelled if the (unseen) magnetic pole had the same polarity as the observed pole, suggesting a strong quadrupolar (or higher order field component.
The contemporary solar magnetic field clearly has dominant dipolar symmetry. We have been unable to find a reliable estimate for the ratio of the strengths of the dipolar and quadrupolar components of the solar magnetic field in the literature. In principle, this might be investigated by studying ratios of suitably averaged spherical harmonic coefficients from source surface models of the solar field, or from magnetograms (some work along these lines for background fields has been done by Mikhailutsa 1994 Mikhailutsa , 1995 . The question of the form and strength of a wind from a star with a large-scale field of quadrupolar symmetry has been only little studied theoretically (see however Roxburgh 1983 , Biernat et al. 1985 , Matt & Pudritz 2008 . 
DISCUSSION
In summary, dynamo models give no strong reasons to expect large-scale surface magnetic fields in late type stars to be dipole-like rather than quadrupole-like. To us, the observational evidence appears rather mixed and inconclusive. Thus it becomes of interest to determine the global geometry of the observed surface fields of late-type stars, both from a pragmatic viewpoint and for the insight into and feedback onto dynamo modelling. We appreciate that this is not an easy task technically, but feel that information on this issue could be of considerable interest.
It may be that some of the observational difficulties discussed above will be overcome in the future, and then observations could result in the conclusion that in general stellar magnetic fields do have dipolar symmetry. In our opinion, this would be a severe challenge for dynamo theory and could be in some ways no less interesting than a clear demonstration of an example of a star with a quadrupolar magnetic configuration.
